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A Link Between Quantum and Classical Potts Models

Taku Matsui'?
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We study ground states of quantum Potts models. We construct ground states
of certain d-dimensional quantum models as Gibbs measures of a d-dimensional
classical spin system. Our results imply that various phenomena of classical spin
systems can also be found in quantum ground states.
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1. INTRODUCTION

In this paper, we study the ground states of certain quantum Potts models;
these ground states, restricted to multiplication operators, are represented
as the Gibbs measures of classical spin systems. Kirkwood and Thomas®
constructed a translationally invariant ground state of quantum Ising
models in the weak coupling region. Their idea is based on the observation
that the finite-volume ground state of quantum Ising model looks like a
Gibbs measure if it is restricted to the subalgebra of observables generated
by diagonal matrices. This observation is a corollary of the Perron—
Frobenius theorem. Using ideas of ref. 4, we established the uniqueness of
the translationally invariant ground state in the infinite-volume limit for
weakly coupling systems. See ref. 8.

Weakly coupled quantum systems correspond to the high-temperature
phase of the equilibrium state for classical systems. The equivalence of
classical and quantum models is different from the transfer matrix method.
A d-dimensional quantum system corresponds to a classical system on the
same dimensional lattice. In this paper, a more systematic treatment of
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equivalence is done. Here, Gibbs measures are not necessarily transla-
tionally invariant nor in the high-temperature phase (translational
invariance always mean invariance by any lattice translation).

We introduce quantum spin models on Z¢ to be considered using
C*-algebraic language.®

Let g be a positive integer larger than one, and M (C) the set of all
g by g complex matrices. We consider the C* algebra 4 defined by

A=Q M,C) (1.1)
z4
Let X be an element of M (C) and j be in Z¢ By X', we denote an
element of 4 with X in the jth component of the tensor product and 1 in
the other components.
Let «, be the translation automorphism of 4 determined via

aZ(X(j)):X(j+Z) (1_2)

where z and j are in Z¢,
For any subset A4 of 7% we define 4, as the C* subalgebra of 4
generated by all X% with jin 4 and X in M (C).
We also set
(Aoe= U 44 (1.3)

A: finite

The Hamiltonian of the quantum Potts model is the following formal sum:

H= — Z e+ Z Vi(U) (1.4)
jezd jezd
where
11
- - ..
=— 1.
1 1

and o is the gth primitive root of unity.



A Link between Quantum and Classical Potts Models 783

We also assume translational invariance in the sense that
0 (V;(U))=V; (U) (L.7)

for j and k in Z¢
The formal sum (1.4} gives rise to a one-parameter group of
automorphisms vy,(-):

7(Q)=e"" Qe (1.8)

for O in A.
A state w of 4 is a ground state for H if

td .
- 72Q /'(Q)), 20 (1.9)

=0

for any Q in A4,,.

In the next section, we construct the ground state using the Gibbs
measure. In this construction, an extremal Gibbs measure gives rise to a
pure ground state. See Theorem 2.5. The proofs of results stated in
Section 2 are given in Section 3. Section 4 is devoted to proof of the
standing assumption of Section 2 in the case that the potential term V,;(U)
is small. In Section 5 we give concluding remarks.

2. MAIN RESULTS

In this section we state our results.
First, let A be a finite subset of Z¢; the local Hamiltonian H , is deter-
mined by
H,=—3 V4% V,(U) (2.1)
je4a jea
where the second sum of (2.1) is taken over all j such that V, is in 4.
Then —H, acting on ) , C? satisfies the assumptions of the Perron—
Frobenius theorem. In fact, the nonnegativity of off-diagonal elements is

obvious and the irreducibility can be seen as follows.
Let H, be defined by

Hy=—75 eV (22)
jeAa
Then
e M= TT [1+4 (!~ 1)e] (2.3)

jeAd
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Thus, all the matrix elements of exp(—fH ,) are positive. This property is
not changed if diagonal matrices are added to H ,.
We consider the basis of &), C? of the form.

lo) =& ¢ (2.4)
jed
where
&
J
(2)
éjz CJ
55_4)
and

&9=0,  k#ko())
4 ,(-kO) =1

The vector |o)> of (2.4) is identified with a point of Zj, where Z,=2,,,,
which is also viewed as Z,={w" k=0,1,2,.,9g—1}. Hence [o) is
specified by {w"}, je 4.

By the Perron-Frobenious theorem, the eigenvector of H, with the
smallest eigenvalue —|A|e, can be taken to be a positive vector with
respect to the above basis. We set

Ja= 3 et o) (25)
an:]‘
Hop = —|Al e, ¥, (2.6)

where |A| is the volume of A.
Consider the matrix

010 -0
0 01 -0
06010
V= .
o 27)
. .1
1 0 -0

Then we define

yiliey = fwik)0'> (2.8)
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that is, the right-hand side is specified with the flip of spin at the site /
of 0.

Let C(Z}) be the set of all continuous functions on 7y (Z7 is
equipped with product topology). To f(a) in C(Z), we can associate a
vector f via the formula

f=3.flo)lo)
The justification of the notation is due to the fact that
vRsif= Y f(@go) o) (29)
ge(Zy)A

where we consider (Z,)" as a multiplicative Abelian group and wik)a is the
product of ¢ and w{,, (=’ in the kth component and unity in the others)
of this group.

Using this notation, we can rewrite (2.6) as follows:

1
- Z (Z exp {5 [hfc(o)—hi’°(wfj)o)]}+e,1>= Y V(o) (2.10)

q;e/l 0 jeA

Next, we consider the infinite-volume limit. We set

B,= C(Z;) (2.11a)

Boe= (U B4 (2.11b)
A: finite

B=C(27) (2.11¢)

We can regard B, B,, and B, as subalgebras of 4 generated by diagonal
matrices. More explicitly, let E be in (Zfd))* (the dual group of (Zqz(d))‘ We
set

o(E)= ][] sz_, (2.12a)
wi-x

UE)= [] uW (2.12b)
{4l=E

where £ is viewed as a function on E, (in Z% with value in
{0,1,2,;9—1}. Eg={jeZ; [,#0}. Any element f(¢) of B, is a linear
combination of monomials ¢(E),

floy="3Y  fzo(E) (2.13)

d
Ee(Zéz )*

B,,. is a subalgebra of 4,,. by map: f(a)— f(U).
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We consider two kind of norms, |- and ||-||, for B,
I fla)] = sup | fo)] = C* norm of f(U) (2.14)
ceZ, d

Let £(x) be a positive function on the set of real numbers. Then for F(o)
of (2.13) we set
If@)le= Y E(d(Eo)) | fEl (2.15)

d.
Ee(Zi )

where E; is defined just below (2.12b) and d(E,;) is the diameter of E,. If
E(x) satisfies /<< &(x), it is easy to show that

/@) <@ <1f (o), (2.15a)
and
1/(e) g <1/ (o)1 I go)ly (2.15b)
For jeZ‘ keZ,, we define
JUs k)o) =51/ (0) = f(@f;0)] (2.16)
' Assumption 2.1. We assume throughout this section the follow-
ing:

(1) &(x) is a continuous function satisfying 0 < /< &(x) and
w xd—1

rli»n:o fr &(x)

dx=0 (2.17)

(i) Forany jin Z and k in Z, the following limit exists in the norm
Il

Jim R, k)a) = h(j, k)(a) (2.18)

where the limit of A4 is taken in the sense of van Hove.
Remark 2.2.

(i) Assumption 2.1 holds provided &(x)=e’""!, § >0, assuming that
V(o) satisfies

IVao)l;<2log2—1 (2.19)

(i) We use free boundary conditions. Periodic boundary conditions
can also be used. The results below need not be altered: 4 ,(J, k)(¢) for
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different j and k& are not independent, because they are determined by a
simple function #(c). The same remark is valid for A(j, k)(c). More
explicitly, consider the expansion by monomials o(E),

h(j, k)@ Z he() k) o(E) (220)

This sum is convergent in the norm Iile. h5(J, k) is zero except in the case
that ¢(F) contains the term a . Furthermore,

ﬁEl(f1k1)=ﬁEz(jzkz) (2'21)

if o(E,) contains the factor o' and ¢(E,) the factor o
We now define the local Hamlltoman for a classwal spin system. Let
A be a finite subset of Z¢. We define H 4(c) by

=y 3 Ao k) o(E) (2.22)

jed (Eped) |E0\
ke,
Let I" be in (Z,)%". The surface energy W ,(I')(s) is determined via

| Eql

WAl)e)= Y )

jed EgmA+£D
keZ; EymA£ Y

o(EVT) (2.23)

where by (EVI) we mean the classical spin configuration outside A.
Obviously W ,(I") is a well-defined element of B because

WA o)< X 1AG, &)l < o0 (2.24)
iz,

Definition 2.3. We define a linear map F from A4, to B by the
following equations:

F(V(E*) U(E?)) = "F) g(E?) (2.25)
h(E*) (o) =3 Jlim {—h (@(E*)J) + k(o)) (226)

where E“ and E° are in (Zfd)*, and w(FE) is defined in the same way as in
(2.12) (w is the primitive gth root of unity). We again remark that (2.26)
is convergent in the norm ||-||,. We now state our main results. Proofs will
be given in Section 3.

Theorem 2.4. Suppose Assumption 2.1 is valid. Let du(o) be a
Gibbs measure on Zfd associated with the Hamiltonian (2.22). Then
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there exists a unique ground state w, of the quantum Hamiltonian (2.1)
satisfying

©,(0)= [ du(e) F(Q)(o) (227)

for any Q in A4,.
See ref. 8 for the definition of Gibbs measure.

Theorem 2.5. Let », be the ground state associated with the
Gibbs measure du(o) of Theorem 2.4. Then w, is pure if and only if du(s)
is an extremal Gibbs measure.

Remark 2.6. Thee above results may read in two directions.

(i) Given the quantum model with an explicit form of V,(U), the
theorems tell us several properties of ground states (decay of correlation,
nonuniqueness of ground states, etc.).

(ii) Let the classical Hamiltonian 4 ,{¢) be given. Suppose & (o) is of
finite range. The (2.10) determines ¥;(o), hence the quantum Hamiltonian.
Some results on Ising and Potts models may be translated into results on
quantum models.

We consider the viewpoint (ii). As an example, we give the explicit
form of a one-dimensional quantum model associated with the one-dimen-
sional Ising model. The classical Hamiltonian A(c) is given by

h(o)=—B ) 0,0, (2.28)

ieZ

The quantum Hamiltonian determined via (2.10) is (up to a constant)

H=—Y ¢ +2 Y (cosh2B)(sin2f)oPay*"

ieZ ieZ
+ Y (sin2B)2cY oy +? (2.29)
ieZ

where o, and o, are Pauli matrices,

0 1 1 0
o*xz[l 0], GZ:|:0 _1] (2.30)

The relation (2.29) gives rise to a generator of a one-parameter group of
automorphisms. See Chapter 6.2 of ref. 2.

Considering in the same way the higher-dimensional Potts models
gives rise to a quantum Hamiltonian of finite range.
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Remark 2.7.

(i) A natural question is to ask about the (non) existence of ground
states which do not correspond to any Gibbs measure. In the case of
translationally invariant states, see ref. 8.

(ii) We also remark that we can generalize our models, which is done
for the g =2 case in ref. 8.

3. PROOF OF THEOREMS

Proof of Theorem 2.4 (Proof of Existence of State for A). First we
prove the existence of a state satisfying (2.27). We recall that any Gibbs
measure is a convex sum of a limit of finite-volume Gibbs measures with
suitable boundary conditions (see proposition CL2 of ref. 7). We consider
the Gibbs measure dyu(-), which is the limit of dyu,, defined by

:fda {exp[—h""(a)]} 0

wr(Q) ~ (3.1)
pr,(1)=1 (3.2)
hir(s)=hy(0)+ W, (I, )0) (3.3)

where I', is a boundary condition which is specified by the configuration
outside the finite region 4,,.

We may assume that 4, is a cube of volume #“. In the identification
of C(Zfd) with the subalgebra of A4 generated by diagonal matrices, the
measure du,, is the vector state implemented by the vector £,,, where

1 1
sz(zn)uz (GGZZ:M {exp[— Ehrm(ﬂ)]} |0'>> (3.4)

We fix an extension of the vector state associated with £,, to the state of
A. Let o,(-) be this extension. Then the following formulas are valid:

w,(Q) = Wn(Fm(Q))zj dpr,(0) Fr(Q)(0) (3.5)

where F,, is a linear map from 4, to B satisfying

F(V(4) U(B)) = (exp{— ;[ —h"(w(4)c) + h'"(a)]}) a(B)  (3.6)
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(3.5) can be proved as follows:

w,(V(4) U(B))
1

(X el vy 0By i exp { = 3 00741

=z,
ZL,,(Z {o| U(B) |o') exp {— 5 [Am(w (A)G)Jr'hr”'((f')]})
=5 (Zatmroxp {5 Lo 0ia)0) 477001 expL 001 )

(3.7
[Note that U(B) is diagonal. ]
Next we show that F,(Q) converges to F(Q) for Q in 4. It is easy
to see that

lim L[ —A"(w(A4))+hT(c)] = h(4)(0) (3.8)

m— oo

where /i(A) is defined in (2.26) and the limit is taken in the norm | -|.
By (2.15a) and (2.15b), we have

IF.(V(4) v (B))— F(V(4) v (B))]

<, M(A)(g) . H 1e\I1/2[—hr’"(W(A)cr)+hr"‘(o)] —h(4)(o)le (3‘9)

(3.9) implies the convergence we claimed.
Thus, for Q in 4,

1im ,(0)= lim | du, F,(Q)= [ du, F,(Q)= [ du F(@) (310)
The existence of w, satisfying (2.27) is proved for the dense set 4, of A.
The w, defined by (3.10) can be extended to A. To see this, let & be a
cluster point of {w,}. Then & satisfies (2.27). As A, is dense in A4, & is
unique, so @ is the extension we want.

Proof of Theorem 2.4 (Proof of Ground State Property). We next
show that the state obtained in the limit (3.10) is the ground state of H. By
the uniqueness part of the Perron—Frobenius theorem, w, is the ground
state for H, defined by

H,=—-73 e+7, (3.11)
5 05! ) s[AT(U) — k' (o,
Yoy exp{3[A""(U) (0, U)1} (3.12)

k=1 j&Am q
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Note that (3.12) 1s same as (2.10) except for the boundary surface energy
term in A'"(c).
We claim that for Q in A4,

lim [A,,Q0]=[H, Q] (3.13)

"= 0

If (3.11) is proved, then
®,(Q*[H, Q])= lim ®,(Q*[A,,01)>0 (3.14)

To prove (3.13), it suffices to consider the cases Q = UY or V'V, In the first
case, (3.13) is obvious, as V') commutes with 17,1 and V,(U).

We consider Q= V'V,

For m large, we have

- 17! -
[H s V“’]-‘-;}( Y X {exp[—A"(j k)@ (U))]

k=1 jed,
— expLh™(, k)(U)] }) po (3.15)
[H... V“’]—;(Z S {explF* A, k) (U))]
—exp[A°° 4,,(J, k)(U)]}) 144 (3.16)

where h/"(j, k)(o) and %lj:(j, k)(o) arc defined in (2.16) and for f(o) of
(2.13).

flo,o)= Z Se0 @&+ Z [ Z fEG(E):l (3.17)

ke Ey (J,YeE

f(wgU) is the element of B associated with the function (3.17).
The following lemma implies (3.13).

Lemma 3.1.

lim < Y. {exp[h}(, k)w,0)] —exp[h) (), k)(d)]}>

n— 0 jeAm

= Y {exp[h(j, k)(w,0)] —exp[A(j, k)(o)]} (3.18)

jezd

822/59/3-4-17
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where the limit is taken in |-/, and the right-hand side is convergent in
II-1l, and

hY G, ko) =k, k) o) or RTn(j, k)(o)

Proof of Lemma 3.1. We consider the case of A’"(j, k)(s). Fix a
subset A of Z% Then by (2.15b)

Y {explh™(j, k)w,0)] —exp[A™(j, k)(o ]}

je Adp\A4
< X expLlA™(, k)l HeXp[W'"(j,k)(wza)—ﬁr’”(j,k)(a)]—1H1
JeAp\A
<2 Y explIA™(, k) o)y IR, k)w.0) =R, k) o), (3.19)
JjeAp\A
By (2.21)

C=sup 1A (j, k) (o)l < oo (3:20)
LR

On the other hand, by definition

1B, k) w,0) =B, k) @)l <2 Y 1Re(s k)

Sl Ey

<z U B@l 321

where d(j, ) is the distance of j and 1
Thus, if 4 is large,

xd—l

CI)SCIRG RO | s ds

(3.22)

where C’ is a constant independent of .
By (2.17) and (3.22), for any & positive there exists A, uniformly in
n such that

Y. {exp[A"(j, k)(,0)]—exp[A""(j, k) < 5
JE Am\Ae)
By the same reason, we have
Y. {explA(j k)(,0)] ~ exp[A(; 5 (62
jez\Ag
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As is easy to see,

lim exp[A"(j, k)(w,0)] =exp[h(), k)(0)] (3.24)

n-> oo

Combined with (3.23), (3.24) leads to (3.18).
The case of h'j,’;( J,k)o) can be treated by the same argument.

(QED)

Proof of Theorem 2.5. Let {n(-), #, 2} be a GNS triple associated
with @,(-), namely 7n(-) is a morphism for 4 to B(#), and 2 is the GNS
cyclic vector. The center of n(4)” is the algebra at infinity m.,, where

My = () m(A) (3.25)

A: finite

Let n_, be the algebra at infinity for n(8)”,

ne= () a(By)" (3.26)

A: finite

Obviously n, is the subalgebra of m,,; the Gibbs measure du is extremal
if and only if n,, is trivial.®> We now give a proof of n, =m,.

Lemma 3.2. Let Q be in A4,,.. Then
n(Q)Q =n(F(Q*)*)2 (3.27)
Proof of (3.27). We note that if Q, is in By,
F(Q,02)=F(Q1) Q2 (3.28)
[See the definition of F(i).] Thus, for Q, in B,
0 (QF 0y) =, (F(QF)2,) = ((F(Q]))*2, n(Q,)2) (3.29)
As n(B)” is identified with Lw(Zfd) in L*(du), Q is cyclic and separating

for n(B)" in .

Thus, {3.29) leads to (3.27). {QED)

Let B; be the completion of B, by the norm || - ||;,. Then F(-) is a
map from 4, to B;. Fix a bounded set 4 of Z% Consider the action

Ad(V(E)) of E in Z on B,. Then, it is easy to scc that Ad(V(E)) leaves
B, invariant and

IAdVE)@) = 1€l for Qin B, (3.30)
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Lemma 3.3. Let dE be the normalized Haar measure of the finite
group Z;. For Q in B, we set

EA(Q)=JdEAd(V(E))(Q) (3.31)

Then E, maps B, onto (B 4),, where (B ), is the completion of B . N By,
by |-,

Proof of Lemma 3.3. This is obvious from (2.13), which is
convergent if fis in B;. (QED)

Lemma 3.4. n =m,.

Proof of Lemma 3.4. As note above, n(B)" is maximally Abelian, so
m,, = n(B)". Let Q in m,,. Let 4,, be an increasing sequence of bounded
subsets in Z¢ and Q,, be in B, such that n(Q,,) converges to Q in strong
operator topology. As Z is a finite group,

im (e, (Qn)) = Jdg Ad(n(V(E))Q)=Q (3.32)

n— o0

(3.32) tells us that Q is in n(B)". (QED)

4. WEAK COUPLING EXPANSION

In this section, we show that Assumption 2.1 is valid if the potential
term V,(U) is sufficiently small. The proofs are the same as those of ref. 4.
We explain these here, as we consider a slightly Hamiltonian.

Proposition 4.1. Let =€ If |V,(d)],<2log2—1, then (2.18)
is valid and

I4(j, k)(a)]; <In - log 2 (4.1)

Proof of Proposition 4.7. The proof is essentially the same as in
ref. 4. We sketch the proof. Let H (1) be the local Hamiltonian defined by

H,)=-=3 eV+1 Y VAU) (4.2)
jeda jed
We now use the periodic boundary condition as in refs. 4 and 8. As we

already mentioned, this change is not essential and the proofs of
Theorem 2.4 and 2.5 are still valid.
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Let 4, 4@ be in (ZZ)* and A", A? be the group multiplication.
Then

d(AY, AP)<d(AM) +d(4?) (4.3)

where d(A4) is the diameter of the set 4, [see the equation just after
(2.12b)].
By (4.3) and (2.15) it is possible to show

I f(o) glo)l. < f(a)lls 8ol (4.4)

By the uniqueness of the Perron—Frobenious vector and analytic perturba-
tion theory of eigenvalues of matrices, A'S°=h,(4) of (2.10) is an analytic
function of 4 in a neighborhood of 4. We show an estimate of the radius
of convergence (which is uniform in 4) as well as (2.18).

Consider the expansions

8

= Z el (4.52)

= f RO () i (4.5b)

Then (2.10) leads to

> {[q Y PGk (G)J~I/,-(a)+e<j’}=o (4.62)

jeA
1 q—1
5| zh“ukHJWMWLMh“‘wk»+wﬂ 0 (46b)
jed k=1
if n>2, where P,(xy,..,X,_) is a positive polynomial defined by
exp < Y x,,)f‘) =14 Y [xe+ Pelxpen X ) 145 4.7)
k=1 k=1

If we use the monomial expansion of 4% of the form

h(0) = ZJ‘"’ o(E) (4.8)
then by 1 +w+w?+ - +w? =0
52T RGN =3 3 | T et
jeAd jeAd LjeEy

~Z |Eol Jpa(E) (4.9)
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Thus (4.6) defines 4'’(a) up to the constant term J{',. The constant term
fixes the normalization of the ground-state vector, so 11 is irrelevant to our
analysis.

By definition, we have

RL G )< Y 155 Ed(E)) (4.10)

Jje Ep

We define J{.(s) by the equation

JP(0) =Y J.0(E) (4.11)

Jje Ey

By translational invariance [or periodicity of H;(4)], we have

Zj(n)

Due to (4.4), (4.6), and (4.10) and the positivity of coefficients of P,(x,,...)
we have

=14] |70l (4.12)

56 e < WV i()ll e (4.13a)
IS e < PulT (@) e -~ 1T 55 o)l (4.13b)
Let C, be a sequence of positive numbers determined recursively by
Ci=1V;(o)l. (4.14a)
C,=P,(Ci,,Co_)) (4.14b)

By the result of ref 5, the following function I(1) converges if
AL IV (o) <2log2—1:

=3 C A (4.15)
k=1

Furthermore, it can be shown'® that
I(2)<log?2 (4.16)
It is easy to prove the following inequality by induction:
1P ()l <C, (4.17)
Thus,
YR k) o) <log2 (4.18)



A Link between Quantum and Classical Potts Models 797

and (4.5b) is convergent uniformly in A provided that
AL IV (oM <2log2—1 (4.19)
To prove the convergence of (2.18), note that if 4 is contained in A,
TP (a)=T) (o) (4.20)

for n<(1/r) d(A), where r is the range potential of V(o).

Equation (4.20) is a consequence of translational invariance.
Equation (2.6) is effectively the same equation up to order n less than
(1/ryd(A).

Set

T = Z I (o) (4.21)

Then, lim,, , .. J{'(0) exists in || - || by Eq. (4.20). Due to (4.8) and (4.11),
we have

14, k)o) =R (G, k) o) e < IS5 (AN ) = TS50, (A)e) ). (4.22)
(4.22) implies (2.6). (QED)

5. REMARKS

Our results show that ground states of quantum Potts models may be
studied by techniques of classical spin models. However, results of ref. 1
suggest that Assumption 2.1 corresponds only to the weak coupling region.
The absence of phase transition for spin systems with short-range interac-
tions in one dimension is well known. For the exactly solved XY model,
the existence of a ground-state phase transition has been established. Thus,
if V,(U) in (2.1) is large, the classical spin system associated with the
ground state of H in (2.1) has a long-range potential.

In special cases, we may also study the strong coupling region. For
example,

Hygpe = —~ Z aﬁ{’%—ﬂ, Z ogf’o-‘zf) (5.1)
jez¢ i—Ji=1

Hyy()=— Y o1 +acPel) (5.2)
li—i=1

where ¢, and ¢, are Pauli spin matrices.
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In (5.1) the first term may be regarded as a perturbation. If we
consider the system restricted to the Z,-invariant part, we can use our
approach. As a consequence, we can prove the uniqueness of Z,-invariant,
translationally-invariant ground states if 4 is large in (5.1) and if « is small
in (5.2).
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